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Since this isn’t for sale and only for learning purposes, (and unless people find this online by chance) for 

personal purposes, I didn’t pay much attention to making references of sources and take note there probably 

are errors. 

Intro 
Finite Element Analysis (FEA) is an analysis that uses the Finite Element Method (FEM) to study a 

problem. What is the FEM? Basically it’s a method based on the principle that it’s harder to calculate 1 

complex thing than 5 simple things that resemble that hard thing. For example it’s easy to calculate the 

deflection of a cantilever beam. But what about a beam that makes an S-shape attached to C-shaped beam? 

We don’t have a simple equation for that. So what we do is we slice up that complex beam into, say, 100 

straight beams (the ones we can easily calculate the deflection for). If we divide it into enough small parts, it 

will look approximately the same, and the simple equations for a straight beam will still work. The trouble is 

that now we need to use that equation 100 times for each beam, but that’s what computers are good for. 

Now, we can apply this logic not only to structural problems but also fluid, magnetic, thermal and  electric 

problems. It’s very versatile. But FEM is just one of the methods where we split a complex problem into 

smaller easier problems. Others are Finite Difference Method (used to solve coupled thermal and 

Computational Fluid Dynamics, CFD, problems), Finite Volume Method (used in CFD and computation 

electromagnetics), and the Boundary Element Method (often used in accoustics). 

Methods to solve an engineering problem: 

 

Different numerical methods: 
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Advantages and disadvantages of each numerical method: 
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Types of analysis: 
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Stiffness / Elasticity matrix 

 

• It is a property of the material, and depends on its characteristics. Crystaline structure, or laminates 

(in case of composites), … . This is related to its isotropy, anysotropy or orthopy. 

• The elasticity matrix is 3x3 for 2D and 6x6 for 3D. 

• Let’s talk about the 3D. There would be 36 elements. However even in the worst case we only 

need to know 21. The worst case would be when the material is completely anysotropic. 

For one direction, we have 

σ = E ⋅ ε 

For 2D or 3D this becomes 

 [σ] ×
[𝑘]

𝐸
= [ε] 

[σ] = [C] × [ε]  

Where [C] is the elasticity or stiffness matrix. Some people also use D to represent it. 

For an isotropic material that becomes. And some people seem to call this “compliance matrix” which 

they say is the inverse of the stiffness matrix. 
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Source: https://en.wikipedia.org/wiki/Hooke%27s_law  

For more information: https://www.comsol.com/blogs/modeling-linear-elastic-materials-how-difficult-

can-it-be/  

https://en.wikipedia.org/wiki/Hooke%27s_law
https://www.comsol.com/blogs/modeling-linear-elastic-materials-how-difficult-can-it-be/
https://www.comsol.com/blogs/modeling-linear-elastic-materials-how-difficult-can-it-be/


ADBLF FEA Learning Notes [Sketch] 2020 

5  

 

Static vs Dynamic analysis 
The difference between static and dynamic analysis is that in dynamic we have to take into account inertia. 

Why do I say inertia and not mass? Because in a static analysis we do take into account the mass. If something 

is still, we have to take into account the load of the weight. However if that thing moves very fast, then we 

also have to introduce the “force of the mass that doesn’t want to change its moving state”. So if something 

moves, do we necessarily need to account for inertia? Not necessarily. If an event happens so slowly that it's 

as if we could divide it into time steps where it’s not moving, we can approximate it to a static situation. We 

call these situations quasi-static, because they’re almost static. 

For static analysis (linear problems) we have 

{F} = [K]{x} 

{F} = force vector 

[K] = stiffness matrix (Note: don’t confuse this stiffness matrix with the other stiffness matrix that is used 

with stress and strain, whose units are Pa, this one has units of N/mm.) 

{x} = displacement vector 

Where does this formula come from? Is this for each node? For each element? 

An explanation here https://www.youtube.com/watch?v=aLJMDn_2-d8 at t=2:28 but I quite don’t 

understand. 

Check the formula of a spring. F = kx, where F is the force, k the stiffness of the spring [N/mm] and x the 

displacement when subjected to force F. 

For static analysis non-linear problems (the stiffness matrix depends on x) 

{F} = [K(x)]{x} 

For dynamic problems 

{F} = [M]{x′′} + [C]{x′} + [K]{x} 

Implicit vs Explicit Analysis Approaches 

Both are only of concern for dynamic analysis. They do the calculation with ‘time’ in mind but in different 

ways. Basically implicit is for when the time is larger (say 1s - 10s) and explicit for when it’s shorter (say 

<1s). For larger times implicit is faster and for shorter, explicit is the faster. 

Explicit analysis is for when time plays an important role, e.g., sudden acceleration or deceleration. So the 

first and second derivative of movement equation (speed and aceleration) will also be considered. 

So basically what we want to know is {x}, how the body moves. If you have F=kx then to get ‘x’ we need 

to do x=F/k. In the case where k is a matrix, this is called matrix inversion and is what makes it an implicit 

https://www.youtube.com/watch?v=aLJMDn_2-d8
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analysis. I’ve read in some source that for dynamic and non-linear problems this inversion becomes very time 

consuming and an explicit analysis becomes preferred. 

FEA Process Flow 

 

Pre-Processing 

Before the software initiates calculation of whatever values we are looking to know, the software and us 

prepare everything so that it goes smoothly and correctly. This includes: 

• Geometry cleanup and simplifications – many times it is even better to make a new CAD model 

just for FEA purposes; 

• Applying loadings, constraints, contacts, movements; 

• Applying and loading material properties; 

• Defining the mesh and geometric properties of the problem. 

o Types of elements – 2D (tri or quad) 3D (tet or hex); 

o Order of elements – most come in linear (aka first-order) (tri3, tet4, quad4, hex8) or 

quadratic (aka second-order) form (tri6, quad8, tet10, hex20); 

o Type of integration – full or reduced. 

• Definition of symmetries and other simplifications; 

• Definition of the “solver” and other solution techniques to use. 

Solution Analysis 

This is where the main processing comes into play and the crux of what we want to discover is calculated. 

That’s why all the processing before is ‘pre’ and after is ‘post’. The thousands of equations are solved, special 
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solution techniques may be used depending on what the user chose for example to save time at the cost of 

accuracy. 

Stiffness matrix is set. Displacements are calculated at nodes. Interpolated to inside nodes with shape 

functions. Stresses are then calculated at integration points inside the elements. 

Post-Processing 

After the “juice” is gotten all the processing that follows is called “post”. This includes: 

• Plotting of graphs 

• Calculation of factors of safety 

• Display of graphics 

• Execution of animations 

• Plot deformed structure 

• … 

Pre-simulation 

Pre-simulations are quick, draft simulations you do to get some results asap. The mesh is coarse and 

not much attention is paid to its quality. You do things approximately. The point is to get some 

quick results so we know the general direction of where the simulation may be going. This can also 

help acknowledge important considerations for further pre-simulations and simulations. 

Types of Nonlinearities 
When the responses (deflection, stress, strain, ...) of a structure are linearly proportional to the loads, the 

structure is called a linear structure and the simulation a linear simulation. If not, then they’re nonlinear 

structure and nonlinear simulation. 

There are 3 main sources of structural nonlinearities: 

1. Due to large deformation – geometric nonlinearity. In a geometrically linear setting, the equations of 

equilibrium are formulated in the undeformed state and are not updated with the deformation. In most 

engineering problems, the deformations are so small that the deviation from the original geometry is 

not perceptible. The small error introduced by ignoring the deformations does not warrant the added 

mathematical complexity generated by a more sophisticated theory. This is why a vast majority of 

analyses are made with an assumption of geometric linearity. 

2. Due to topological change of the structure, e.g., contact nonlinearity which happens because of 

change of status of contact – topologic nonlinearity. 

3. Due to the nonlinear stress-strain relationship of the material – material nonlinearity. 
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In a simulation where we have large deformations/deflection it may become non-linear. Some softwares 

have an option that you can turn that on in the analysis settings for large deflections so that the software 

updates the model during the simulation. This will give more accurate solutions (and in fact even when the 

deformations are small), but takes more computing time. To evaluate the need to include geometric 

nonlinearity try to run the simulation with it on and off. A substantial difference indicates the need for the 

account of geometric nonlinearity. 

Mesh 

Element shape 

Meshing a model is simply taking a complex part or assembly and filling it or dividing it into simple lines, 

surfaces or volumes called elements. A continous system with infinite degrees of freedom becomes a system 

with finite DOF. 

 

This is the general process of decisions you will have to go through: 

1. Decide which dimension of element to use (1D, 2D, 3D); 

2. Decide which type of element to use (triangular/tetrahedrical or quadrangular/hexahedrical); 

3. Decide the order of the element to use; 

4. Decide the type of integration to use. 
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When possible, start with a draft coarse mesh, to get an idea where main stresses will occur, how it will 

deform, to confirm your imagination of what would happen (pre-simulation). 

• 2D Models can include: 

o Line bodies 

o 2D-surfaces 

• 3D models can include: 

o Line bodies 

o 2D and 3D-surfaces 

o Solid bodies 

 

Hexes are very good elements and reasonably cheap to solve. Unfortunately, creating hex meshable 

geometry is difficult, if possible at all. It often requires significant geometry decomposition and removal of 

blends/drafts or other small features. Sometimes this is undesirable.  

Tets are an element which can mesh any geometry* which is great, except they are usually more expensive 

to solve. On a per-element basis they are faster: 1000 tets will solve faster than 1000 hexes, but meshing a part 

at a similar density results in about 5 times more tets than hexes. 

There’s over 200 different types of elements. Tet4 tet10. 
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You should use a 2D model whenever possible (as well as symmetry) as it saves on processing power and 

improves accuracy. For the same processing time we can have more nodes/elements, and the more elements, 

the better the results. Remember that the difference between a 2D model and a surface, is that a 2D model 

doesn’t have out-of-plane bending/stresses/... 

 

When a real world body is thin and subject to bending, it is generally a good candidate for a 3D surface 

body. ANSYS will mesh surface bodies with shell elements. There are many advantages of using surface 

models. 

1. Creating surface models is usually easier than creating solid models. 

2. The problem becomes simpler to solve for ANSYS compared to using solid models, due to the 

efficiency of shell elements. This results in 

a. a much faster computation of the result 

b. more accurate results 

Consider using surface models over solid models whenever possible. In the old days surface models were 

visually weird because they had 0 thickness. Now ANSYS can render thickness in order to the engineer to 

visually better imagine what they’re working with. 
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A 2D analysis can only have 2D bodies, but a 3D analysis can have both 3D and 2D bodies (surfaces). 

 

By using the surface model instead of the solid model we were able to achieve very similar results. 

However the surface model only consisted of 1000 nodes while the solid model consisted of 6500 nodes. 

Before using a solid model, consider the possibility of using a surface/line model first. 

Line elements 
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There are many real world objects that can be modeled as line bodies. As long a structure, or part of it, has 

small lateral dimensions and uniform cross section, it is a good candidate to being modeled as a line body. 

 

The advantages of using line bodies are similar to those of using surface bodies, but even greater. Engineers 

should consider using them whenever possible over solid models, and even over surface models. 

A truss is defined as a structure consisting of two-force members. By two-force member I mean that the 

members are pin-jointed at the ends and the loads apply on the joints so that the members are either stretched 

or compressed but not bent. Two members connected by a pin-joint can rotate about the axis independently. 

In reality, structural members are rarely connected by a pin-joint. Modern structures are constructed using 

either welds or multiple bolt-and-nuts. The members are rigid jointed, not pin-jointed. Main reason of pin-

joint assumption is computational difficulty. 
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How much error is caused by the pin-joint assumption? The amount of error depends on the slenderness 

of the structural member. If the members are slender enough there is no substancial difference between the 

two. 

When using Line Bodies, mesh with a very large element size so that you get only an element per beam 

allowing you to get a solution equal to theoretical values 

A general rule of symmetry for shell and beam elements is to fix (that is, set as zero) the out-of-plane 

translations and in-plane rotations.  << I don’t understand 

Shell Elements 

A shell element is a planar (2D) element that can be arranged in the 3D space. It is used to mesh a body 

when one of its dimensions is much smaller than the other two. Each node has 6 degrees of freedom: 3 

translational and 3 rotational. Due to the presence of the rotational DOF it is very efficient to model the 

problems dominated by out-of-plane bending modes, contrasting to a solid element, which does not have 

rotational degrees of freedom. 

 

The essential difference between shell elements and 2D solid elements is that shell elements can have out-

of-plane deformation (warpage) while solid 2D elements cannot.  

Plate elements are similar to shell elements, but plate elements don’t have curvature while shell elements 

do. 
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Solid elements 

Element order 

Shape functions 

Post discretization in FEA, all the elements are assigned a function (a polynomial) which would be used 

to represent the behavior of the element. Polynomial equations are preferred for this as they can be easily 

differentiated and integrated. Order of an element is the same as the order of the polynomial equation used to 

represent the element. 

The  FEM only makes calculations at a limited (finite) number of points and then interpolates the results 

to the entire domain (line, surface or volume). More specifically, the displacements are calculated at the nodes. 

To know the displacement at any other part of the element we need the shape functions which interpolate 

those values to the inside. These shape functions are nothing more than interpolation functions (which 

sometimes they are also called). If it is known that the displacement (or temperature or whatever) varies 

linearly within that element, then the shape function is just the equation of a line. But there can be others as 

low order polynomial functions. 

Functions of x. In 3D we would have f(x,y,z). 

f(x) = 0 Zero function 

f(x) = a Constant function 

f(x) = ax + b Linear function (order 1) 

f(x) = ax2 + bx + c Quadratic function (order 2) 

f(x) = ax3 + bx2 + cx + d Cubic function (order 3) 

 

Elements nodes 
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A Second order element or Quadratic element will have mid side nodes in addition to nodes at the corner. 

It’s possible to know the values anywhere inside the element with the interpolation functions. These two points 

can be joined by a straight line (a linear interpolation) or a curved line (higher-order interpolation 

 

However, a Quadratic element needs a quadratic equation to describe its behavior as it has three nodes.  

FIRST ORDER ELEMENTS 

SECOND ORDER ELEMENTS 
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In FEM, it is wrong to directly assume that second- (or higher-order) elements would perform better or 

are more accurate. For example: In problems involving contact, first order elements perform much better than 

second-order elements. Elements of much higher order are never used due to significant oscillations. On the 

contrary, in problems involving bending / incompressibility, second-order elements perform much better than 

the first-order elements. 

 

Fig. 1 1st order tetrahedron, and 2nd order tetrahedron. Notice that because of the increased number of nodes the 2nd order mesh better approximates 

the geometry. Note that on top there are tetrahedrons represented, but the first image on each side are triangles. There are also triangles of 1st and 
2nd order. 
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Integration 

 

Mesh Quality 

Skewness 

 

Skewness is defined as the difference between the shape of the cell and the shape of an equilateral cell of 

equivalent volume. So it has to do with the internal angles of the shape. A value ranging from 0 to 1, the 

smaller the better, and, as a guideline, elements of skewness of more than 0.95 are considered unacceptable. 

Transition: Fast means that there may be large jumps in element size. Slow means opposite, that is, the 

transition from big to small elements is smooth (with medium sized elements in between). 

Slow transition 
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Fast transition 

 

Aspect ratio 

 

 

If the aspect ratio of an element is 10 it means its largest edge is 10x bigger than the shortest. Rules of 

thumb: 

• Keep the aspect ratio below 5 in areas where stress is of crucial importance (high stresses) because 

you need accurate results there. 
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• Don’t have more than 10% of the elements with an aspect ratio higher than 10. A way to fix this can 

be to introduce mesh controls in the places where the AR exceeds the value you want. Extremely large 

values >> 40 should be closely examined to determine where they exist and whether the stress results 

in those areas are of interest or not, 

For tri/tet elements a high aspect ratio means high skew. For a quad/hex element high aspect ratio can still 

have zero skew. 

Interfaces 

 

The first unknown in linear static FEA that is solved is the displacement of each node. Based on this, the 

stresses and strains are calculated. The stress values at nodes in an FEA study are calculated at Gauss, or 

Quadrature points in the element, and then averaged with the stress values from the surrounding elements. 

While the displacements are solved explicitly at the nodes, the stresses are an averaged value and if there are 

insufficient stress values present in an area, the stress value averaged at the node can be inaccurate. 

Calculations are first made for the nodes and then for stresses, which are averaged between themselves. That 

makes sense within a part or material, but not between materials or parts. 

A good mesh will put the elements in the regions of geometry change as they tend to be stress 

concentrators, and thus have higher stresses, and so that’s where the part will tend to break first. 

Mesh Sizing 

Because the values are calculated at the nodes, and interpolated inbetween, if the nodes are not spaced 

well there can be huge discrepancies between reality and simulation when the variation is big. So it’s important 

to size the mesh (vary the size of the elements) depending on the location. Where big changes or in a short 

space occur it is important to have smaller sized elements. 
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Element shape and convergence speed 

In 2D quadrilateral elements converge faster than triangular. In 3D, from faster to slower convergence are 

the hexahedral, prism, pyramid, and tetrahedral. 
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Besides converging faster, by changing the element shape you can also reduce structural error.  

Let’s change the element shape from tetrahedral to hexahedral. 
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Now see the structural error significantly decreasing: 

 

Besides, the structural error now occurs on a singularity point, so it’s not as important. The singularity 

point is simulating a right angle that in real life doesn’t exist (it’s rounded, even if only very slightly, so the 

stress is not infinity). 
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Mesh Independence 

• The results of a FEA should be independent of mesh size. 

• We should strive to find the point at which an increase in number of elements does not improve 

the accuracy of the results. We call the speed at which this happens convergence. 

• Mesh independence study is trying to figure out if the results do not depend on the mesh. In this, 

we increase the number of elements until we see the results are not changing anymore (they have 

converged). 

• You might not want to change the overall mesh. It saves time if you only change the areas that you 

predict influence the results the most, and only perform a convergence analysis for those areas. 

• With further changes to the model, you then use the bigger mesh size that gave you mesh-

independent results. 

In this image, at ~1000 elements we achieve mesh size independence. A further decrease in element size 

(increase in number of elements) will not improve the results. So for further analysis if we change the design, 

provided the changes are not so impactful that we need to run another convergence analysis, we can stay at 

1000 elements. 
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• When should we do a mesh independence study? 

o Whenever we want to be certain that the results are accurate and are not being influenced 

negatively by the mesh. 

FEA verification 
“Garbage in, garbage out.” 

• Imagine how stuff will deform and where the critical parts will be. 

• Is the mesh of good quality? 

o Skewness; 

o Aspect ratio; 

o Interfaces; 

• Are the applied boundary conditions correct? 

• Are the contacts correct? 

• Are the material properties correct? 

• Do a “napkin sketch” and some hand calculations to check if the overal results make sense. 

• Is the stress continuous? 

• Have you achieved mesh independence? 

• If any, can you identify what is and what isn’t a stress singularity? 
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Stress singularity 

The concept of stress concentration. Stress is larger near corners than away from them. So in order to 

accurately evaluate the concentrated stress, there needs to be a finer mesh used around it. The less round the 

corner is, the higher the stress concentration. When the corner has no radius, then in that sharp corner the 

stress is infinite, and the corner is called a point of stress singularity.  

In the real world, though, corners like that don’t happen as it’s near impossible to manufacture such a 

sharp corner as the precisions of current machining don’t allow for that (maybe with 3D printing ;)). 

 

In the computer though, since we’re dealing with the theoretical, zero-radius fillets are frequent. More, 

because certain small features such as small fillets don’t contribute much to the global behavior of the 

structure, they are often not included in the model for simulation. It becomes, then, important that engineers 

are aware of the existence of these points. They may mistakenly use the maximum stress as the design stress, 

but glazing over the fact that it came from a singularity – it wouldn’t exist in the real world. So always check 

if the maximum stress comes from a singular point. 
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A singularity is characterized by non-converging stress. It goes to infinity. Applying mesh control to the 

edge in question, and locally reducing the element size, we see the stress progressively increases. 

 

To fix this, add a small realistic fillet/chamfer that the part would have in reality.  

91.2 MPa 

167.9 MPa 

282.9 MPa 

425.7 MPa 
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Materials 

Engineering vs real strain 

Isotropy and anisotropy 

Many materials are ~isotropic, which means their properties don’t change that much depending on the 

direction. Materials whose properties change depending on the direction are anisotropic. 

Within anisotropic materials, there is a special group called orthotropic materials which are those whose 

properties do depend on the direction, like all anisotropic materials, but only in some 3 perpendicular 

(orthogonal) axis. Wood is a good example of an orthotropic material. The directions would be radial (least 

stiffness), circumferential and axial (highest stiffness). Another example is sheet metal that has been rolled. 

 

Talking about structural properties, when this is the case we only need to know two independent values 

and we know all we need. For the anisotropic that would be 21 values. The 2 values can be the Young’s 

modulus and Poisson’s ratio. Or we can use bulk modulus and shear modulus. These and the other 2 are related 

so we can get ones from the others. 

σij  =  cijklεkl 

Due to symmetries (e.g. in the cauchy tensor, 𝜎𝑖𝑗 = 𝜎𝑗𝑖) the stiffness tensor ends up having, in the worst 

case, only 21 independent components instead of 81. This number comes from doing 3x3x3x3 as we multiply 

the 3x3 stress and the 3x3 strain matrixes. 

Properties 

Bulk modulus (K or B) – it is a measure of how much a substance is resistant to compression. It is the 

ratio of pressure to decrease its volume. 

Shear modulus or modulus of rigidity (G) – is the ratio of shear stress to shear strain. It’s like the 

equivalent of modulus of elasticity but for shear instead of normal stress. 
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Other 

Tensor 

A tensor is a container of values. One way to think about it is 

• A scalar is a 0th dimension, or 0th-order tensor. 

• A vector (also called an ‘array’) a 1D or 1st order tensor. 

• A matrix a 2D or 2nd order tensor. 

• From then on we stopped having fancy names and we just call them n-th order tensors. A 3D tensor would 

be like a cube of numbers. A 4D tensor is harder to vizualize because we are 3D beings. But that’s the idea. 

• Like a matrix can be the result of vector multiplications (cross and dot product), we can hold inside a tensor 

also operations between other tensors. 

We call out specific elements in a matrix as 

𝑐𝑖𝑗cij 

For a 3x3 matrix we get 9 elements. But what if we want something like a 3x3x3x3 thing? That we call a 4th order 

tensor and it would have 81 elements. 

cijkl 

 

x 
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Questions 

• What is a linear elastic material? 

o It’s a material that obeys to Hooke’s law. The question is already a bit tricky because it’s assuming 
there are such materials that are 100% linear elastic. Ceramics are probably very close to that 

though. But metals are only linear elastic until app. the yield limit. After that they don’t follow 

Hooke’s law anymore and so the linear elastic model cannot be used anymore. They become non-

linear. 

• What is modal analysis? 

o Modal analysis is the study of the natural frequency and resonance frequencies and shapes of the 

different modes of vibration in those frequencies. This depends only on the geometry of the 

components and how they are constrained. 

• Types of non-linearity 

o Material non-linearity – Materials in the plastic domain, or where strains are large. 

o Geometric non-linearity – Large rotations (e.g. thin structures). 

o Boundary non-linearity. 

• What is a degree of freedom? 

o The minimum number of parameters (motion, coordinates, temperatures, etc.) required to define 

the position and state of any entity in that space and analysis. The total DOF of a mesh = no. nodes 

x DOF / node. 
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o The number of DOF depends on the element type (1D, 2D, 3D), the family of the element (thin 

shell, plane stress, plane strain, membrane, etc.) and the type of analysis. 

• Why do we say “non-X”. Non-linear, non-static analysis. Instead of …, dynamic. 

o Because there are several types of analysis and we cannot just give them one name or it doesn’t 

matter for that purpose. For example, for the non-linear, because if a study is not linear, it could 

have some random form (polynomial, whatever). But it doesn’t matter which. Linear means the 
response is proportional to the cause. As for dynamic, because some people consider analysis like 

fatigue or modal not to be dynamic but also not static. So things can be moving quickly but are not 

considered dynamic because it’s repetitive? 

Sources 

Youtube channel where I took some of the pictures. Great about Ansys-FEA learning. 

https://www.youtube.com/channel/UCAMyTkJwYHtkDxNG_ROCg_g/videos  

A blog with a good way of explaining 

https://enterfea.com/blog/ 
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